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Convex along lines functions and abstract convexity. Part II.

Giovanni P. Crespi* Ivan Ginchev' Matteo Roccat Alex Rubinov

The paper deals with the problem to characterize the abstract subdifferentiability
and the abstract convexity of a function f : R" — R, with respect to the min-type
elementary functions Ly, concentrating to the case &k = n. The cases when k£ > n + 1
have found a satisfactory solution in [5], so the case k = n is in some sense crucial.
Following a constructive approach to the posed problems, there are distinguished abstract
subdifferentiable functions which admit abstract subgradients of special form, and similarly
abstract convex functions being the upper envelope of abstract affine functions of special
form. This leads to the definitions of L£)-subdifferentiability and HO-convexity. The HO-
convex functions are convex-along-lines (CAL), so the CAL functions attract our attention.
The paper is a continuation of [1], where the case of positively homogeneous (PH) functions
is studied. Here the investigation is extended to non PH functions.

1 Introduction

Abstract convex analysis, grown after the monographs of Pallaschke, Rolewicz [2], Singer
[9], and Rubinov [5] to a mathematical discipline with its own problems, aims to gener-
alize the results of convex analysis to abstract convex functions. Its importance is due
mainly to its close relations to global optimization. One of the problems in abstract convex
analysis is the characterization of abstract subdifferentiability and abstract convexity of a
function f. In this paper we deal with the problem to characterize the abstract subdiffer-
entiability and the abstract convexity of a function f : R® — R, based on the classes
of min-type abstract linear functions £, and min-type abstract convex functions Hy (Ly-
subdifferentiability and Hg-convexity), concentrating to the case k = n (recall that Ly is
defined as the set of the functions ¢ : R™ — R being minima of k linear functions and
‘Hy. is obtained by adding constants to the functions of £;). The cases when k > n + 1
have found a satisfactory solution in [5], so the case kK = n becomes crucial. The paper is
a continuation of [1]. While in [1] we confine the study to positively homogeneous (PH)
functions, here we extend the investigation to non PH functions.

Actually, like in [1], we introduce the class of the £2-subdifferentiable functions as a
subclass of the £,-subdifferentiable functions, and the class of the HY-convex functions
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as a subclass of the H,-convex functions, and characterize the functions f : R" — Ry
being £2-subdifferentiable (Theorem 8) and the functions f : R” — R, being H"-convex
(Theorems 12 and 13). In particular these results show that the property of f to be convex-
along-lines (CAL) is necessary for f to be either £2-subdifferentiable or H2-convex. Hence,
as the title shows, we concentrate on CAL functions. The obtained characterizations are
obviously related to the general problem, which still remains open, to characterize the
L,-subdifferentiable functions and H,,-convex functions (E%-subdifferentiabﬂity implies
L,-subdifferentiability, and HC-convexity implies H,-convexity). For this (and only this)
reason we consider the classes of £0-subdifferentiable functions and H9-convex functions
of some importance.

This paper was planned earlier as a continuation of [1]. The sudden passing away of
Alex Rubinov delayed the plans. Still, the remaining authors are glad to finish it, taking
on them the responsibility for possible weaknesses.

2 Preliminaries

Let Ry := RU{+00}, where R is the set of the reals. For each x € R™\ {0} consider the
ray R, = {az : @ > 0} and the line R* = {ax : « € R}. Given a function f: R" — Ry
and a point x € R™\ {0}, we denote by f, : R, — Ry and f*: R — R the restriction
of f respectively to R, and R*. The function f is called convex-along-rays (CAR) or
convex-along-lines (CAL) if for any = € R™\{0} the function f, or f* respectively is convex.
The function f : R™ — Ry is called positively homogeneous (PH) if f(ax) = af(x) for
all z € R” and all @ € Ry := [0, +00). Here we follow the convention that 0 - (+00) = 0.
So, if f is PH, then f(0) = 0, and consequently 0 € dom f := {z € R" | f(z) # +o0o}.

Let X be a given set and L be a set of functions £ : X — R, which will be called the
set of elementary functions. A function f : X — R, is said to be L-convex at ¥ if
f(2%) = sup{l(2°) | £ € L, ¢ < f}. Here ¢ < f means ¢(z) < f(x) for all z € X. The
function f : X — Ry is called L-convex [5] if it is L-convex at any 2° € X. Given
2% € dom f := {z € X | f(z) < +oc}, then any function ¢ € L, such that

((z) —£(z°) < f(z) — f(a®) for all z € X

is called an L-subgradient of f at x°. The set 91, f(z°) of all L-subgradients of f at zV is
called the L-subdifferential of f at 2°. If 9. f(2°) # () then f is called L-subdifferentiable
at 2Y. The function f is called L-subdifferentiable, if it is L-subdifferentiable at any point
2% € dom f.

It is convenient to consider sometimes the set L as a set of abstract linear functions.
Then the set of the abstract affine functions Hi, is defined as

Hp={h=0(—-c|leL, ceR}.

Taking either L or Hy, as a set of elementary functions, we can speak for L-subdifferentiabi-
lity and Hp-subdifferentiability, and similarly for L-convexity and Hp-convexity. Obvi-
ously, the function f : X — R, is Hy-subdifferentiable at 2° € dom f if and only if
f is L-subdifferentiable at 2°. Recall that when L coincides with the linear functions in



R"™, then the notions of L-subdifferentiability and Hp-convexity coincide with the usual
notions of subdifferentiability and convexity from convex analysis.

Abstract convex analysis shows similarities with convex analysis, but also differences.
For instance, in convex analysis, a lower semicontinuous (Isc) convex function f is subdif-
ferentiable at a point 2° € int dom f (Rockafellar [3], Theorem 24.7). A similar property in
general is not true in abstract convex analysis. Taking L = L9 where the set L2 is defined
in the sequel, then the function in Example 3 below is Isc and H-convex as underlined in
Remark 2, but it is not L-subdifferentiable at the nonzero points of the coordinate axes.

A L-convex (Hp-convex) function is the upper envelope of the abstract linear (abstract
affine) functions. The upper envelope of continuous functions is a Isc function, hence the
lower semicontinuity is a natural assumption when dealing with abstract convex functions.

We deal in this paper with abstract subdifferentiability and abstract convexity with
respect to min-type functions. Denote by (-,-) the inner product in R”, that is (z,y) =
> j—12jy; when @ = (z1,..., %), Yy = (Y1, .., Yn) are vectors in R" (here and further the
lower indices denote coordinates). For a positive integer k& we define the class of abstract
linear functions £, (min-type functions) as the set of the functionals £ : R™ — R such that
{(z) = minj<;<p, (1, z) for some m < kand I},...,I™ € R" (possibly repeating some of the
vectors we can simply write k instead of m in the above minimum, a convention that we
apply in the sequel). The set of the Ly-affine functions Hy, ={h=0¢—c |l € Ly, c € R}
will be denoted for brevity by Hy. Abstract convexity with respect to min-type functions
is studied in [5], [6], [7], [8].

The following natural problems arise:

Py : Describe the class of all Ly-convex functions f: R"™ — Ry .
Py i Describe the class of all Hy-convex functions f: R" = Rieo.
P53 : Describe the class of all Li-subdifferentiable functions f : R™ — R oo.

Each Li-convex function is PH. So, only problems P» and Pj are relevant to non PH
functions.

Let us recall that every Hi-convex function f : R” — Ry is lsc and CAR ([5],
Proposition 5.53). Further if f : R” — Ry is a Isc CAR function and f(0) < +o0, then
f is Hp41-convex ([5], Theorem 5.16).

We recall the notion of calmness, originating from [4], which, as seen from Theorem 1,
below plays an essential role in the abstract subdifferentiability. The function f : R" —
R is called locally calm (of degree one) at the point z° € dom f if

flz) — f(2°)

calm f(2°) := liminf 22— 5 5o,
f( ) z—z0 Hx — (L’OH

The function f is called globally calm (of degree one) at the point 20 € dom f if

Calm f(z%) := inf{f(x)_f(xo) |z e R", z # xo} > —00.

Iz — 20|

The values calm f(2°) and Calm f(2°) are called respectively the local and the global
calmness of f at #°. Obviously Calm f(2°) < calm f(2°), so if f is globally calm at z, it



is also locally calm at 2°. In the sequel we deal mainly with global calmness. Here and in

1/2
the sequel || - || stands for the Euclidean norm, defined by ||z|| = (z,z)/? = (Z?:1 x?) .

The following Theorem 1 is related to problem Ps. It uses the notion of a directional
derivative of a function f :R"” — R, at a point 2% € dom f in direction u € R" defined
by f/(z%,u) = limy o+ $(f(2° + tu) — f(20)). Pay attention that for a CAR function
f and z € intdom f the directional derivatives f’(x,ax), « = +1, exist and are finite.
Further, the notion of a local calmness calm f(2°) depends only on the values of f in a
neighborhood of z°. Hence it can be introduced as above for functions being defined only
in a neighborhood U of 2°, and for = € U having values in R, .. This remark clarifies the
meaning of a local calmness used there.

Theorem 1 (Rubinov [5], Theorem 5.19) Let f be a lsc CAR function and let 2° €
int dom f. Suppose that either the function x — f'(x,x) or the function x — —f'(x, —x)
is locally calm of degree one at the point x°. Then the subdifferential 8£n+1f(x0) 18 not
empty.

As Ly, C Ly, for k1 < ko, we see that the hypotheses of Theorem 1 implies also
Oc, f(z%) # 0 for all k > n+ 1. Therefore of essential importance is the characterization of
Ly-subdifferentiability (and Hg-convexity) of f when k = n. For this reason in the present
paper we only deal with the case k = n.

Let ¢ € O, f(2°). Suppose {(z) = minj<;<,(I*,x) with some I1,...,I" € R". Then
{(z) < f(z) for all z € R", and £(2") = f(2°). The subspace L of R" given by

L={zecR"| (' 2)=(* )= =(1"2)}. (1)

is at least one-dimensional (dim L = 1 when [',... " are linearly independent) and the

restriction f|z of f on L is a convex functions (compare with [1, Theorem 5.2]). So, one
could expect that, at least for a PH function f, when f is Isc CAR and the restriction
f|r is convex for some one-dimensional subspace L of R", then f is £,,-subdifferentiable.
However this is not the case, as shown in [1, Example 5.4]. The mentioned example
reveals the difficulties that one meets, when trying to prove in a constructive way the
L, -subdifferentiability of a concrete function. The things change, when we are looking for
L,,-subdifferentials

E(:‘U) = 12111£n<l271'> € aﬁnf(xo) ) (2)
such that
<ll,(l:0> = <12,CIZ0> == <ln7x0>7 (3)

that is with 20 € L, where L is determined by (1). Restricting the considerations to only
such L,-subdifferentials, we find convenient to introduce the following definitions.
Denote by L£V(z%), 2° € R", the set of all £ € L, represented as in (2) for which
equalities (3) are satisfied. Then obviously f is £9(z°)-subdifferentiable at 2 if and only
if f is L,-subdifferentiable and 9., f(2°) contains a £,-subgradient represented as in (2)
for which equalities (3) are satisfied (the atypical situation from the point of view of
abstract convex analysis is that the set of elementary functions varies with the variation



of the point 2°). Now we say that f is £O-subdifferentiable, if f is £) (z%)-subdifferentiable
at any 2° € dom f. In this case the notion of £2-subdifferentiability is not based on an
underlying set of elementary functions £2. Tt is simply a short way to say that “f is £,-
subdifferentiable and at each z° € dom f, f admits a £,-subgradient ¢ for which equalities
(3) are satisfied”. Introduce the abstract affine functions

HO (20) = Hpopoy={h=~L—c| € £2(z%), c € R}.

Following the generic definitions of abstract convex analysis we may give a sense to the
assertion that “the function f is £9 (2°)-convex at 2°7, or “the function f is HO(2")-convex
at 2°7. Now the notions of £2-convexity and H0-convexity can be introduced formally
(and not on the basis of an underlying sets of abstract linear or abstract affine functions
LY or HY) in the following manner. We say that the function f : R" — R, is £2-convex
(HO-convex) if f is L9 (z%)-convex (H2(z")-convex) at any 20 € R™.

Instead of problems P;—P3; we may formulate the following problems, being actually
the subject of the present study. Each Eg—convex function is PH. So, only problems P
and P5 are relevant to non PH functions.

PY : Describe the class of all ﬁg—convex functions f:R" — Ry .
Py : Describe the class of all Hg-convex functions f : R™ — Ry oo.
Py : Describe the class of all ﬁg—subdiﬁerentiable functions f: R" = Rio.

Let us mention that f is globally calm at every point at which it is £2-subdifferentiable
and it is CAL whenever it is H\-convex (compare with [1], Theorem 5.6). The following
example shows that in general £9-subdifferentiability does not imply the CAL property.

Example 1 Consider the function f: R — Ry given by

2|, |z] <1 or|z]>2,
+00, 1<z|<2.

)=

Then f is L-subdifferentiable, but not CAL (and is not HY-convez).

3 The case of PH functions

In [1] we investigate the £)-subdifferentiability and the £O-convexity of a PH function at
a given point. In this section we recall some of the obtained there results and on their
basis for PH functions we solve Problem P in Theorem 4 and Problems PY and PY in
Theorem 6.

Theorem 2 ([1], Theorem 6.2) Let f : R" — Ry be a CAL PH function. Then f is
LY -subdifferentiable at 2° € dom f \ {0} if and only if f is globally calm at both x° and 0,
and either iminf,_,_ o f(z) > —f(2°) or calm f(—2°) > —cc.

The following two theorems are a straightforward consequence of the preceding theo-
rem.



Theorem 3 Let f : R" — Ry be a CAL PH function. If f is globally calm at each point
x € dom f then f is L2 -subdifferentiable, and L°-convex.

Theorem 4 Let f : R™ — Ry, be a PH function. Then f is L)-subdifferentiable if and
only if f is CAL, and globally calm at each point x € dom f.

The following result concerns the £9-convexity at a point of PH functions.

Theorem 5 ([1], Theorem 6.3) Let f be a lsc at zero CAL PH function. Let x° # 0
be a point such that f is Isc at 2° and —f(2") < liminf,_, .o f(x). Then f is L3 -convex
at 2°.

As a straightforward consequence we get a characterization of the L£)-convexity (and
HO-convexity of a PH function.
Theorem 6 Let f : R" — R, be a PH function. Then f is LO-convexr (HO-conver) if
and only if f is Isc CAL and it is globally (or equivalently, locally) calm at x° and —x°
for any x° € dom f \ {0} such that f(2°) + f(—2°) = 0.

From Theorem 6 we see that a PH function is £2-convex in and only if it is H2-convex.
This fact can be shown also directly, slightly modifying the proof of Proposition 7.15 in

[5].

4 From PH to non PH functions

The notions of £9-subdifferentiability and H’-convexity apply not only to PH functions.
So, one would like to generalize the characterizations from Theorems 4 and 6 to non PH
functions. The simplest question one can pose, is whether the obtained characterizations
hold if simply the PH hypothesis is dropped without changing the remaining hypotheses
and without adding new ones. The following example, related to £9-subdifferentiability
shows that the thesis of Theorem 4 is not true any more (the function there is CAL and
globally calm, but not £J-subdifferentiable, where n = 2).

Example 2 Define the function f:R? = R by

—/|T1z2|, 71 > 23 and |zo| > 23,
Fla1,79) = ViIrixsl, 1 < —2% and |z2| > 22,
9y

0 , XT1Xy = 0 y
400, otherwise.

Then f is CAL with f(0) < 400 being globally calm at any x € dom f and Isc on R™.
At the same time f is not L3-subdifferentiable at any nonzero point of the coordinate
aves (and L3-subdifferentiable at the remaining points of dom f). Moreover, f is not
Lo-subdifferentiable. In spite of this f is H9-conver, hence also Ha-conver.



Here there are some arguments about the properties that f enjoys.

1) f is CAL.

Consider the restriction f* : R* — Ry, f*(Ax) = f(Ax) for z = (x1,29) # 0. If
x1 = 0 or zo = 0 then f* = 0 is convex. Otherwise putting m = min(|z1|,|z2|) and
M = max(|z1], |x2|) we get the convexity of f* from the representation

fx()\.l'):{ - \V ‘$1x2‘7 _%S)\Sﬁa

+o0, otherwise.

2) £(0,0) =0 and f(x1,x2) = 400 if M = max(|z1|, |z2]) > 1.

This property is an obvious consequence of the definition of f.

3) Calm f(29,29) > —oc0 for 20 = (29,29) € dom f.

Since f is bounded from below, its global calmness is equivalent to its local calmness.
At a point 2¥ € dom f\ {0} the function f is locally calm, since one can find a differentiable

function ¢ defined on a neighborhood U of z¥, whose restriction of dom f N U coincides
with the restriction of f on dom f NU. For z° = (0, 0) we have

=/ |z172|

0 o 1
calm f(z”) = hxrr_léréfm =— Nk
4) f is Isc on R2.
This property follows from dom f closed and calm f(z°) > —oo for 2° € dom f.
5) f is not LY-subdifferentiable at the nonzero points of the coordinate azes and L3-
subdifferentiable at the remaining points in dom f.
Assume, that £(z) = min({l3,z), (I2,x)) with 1 = (p1,p2), l2 = (q1,q2) is a LY-

subgradient at #°. In the case 2° = (29,0) with 29 # 0 the equality (l1,2°) = (Iz,2°) =
0 = f(2") gives p; = ¢; = 0. Take the point z* = (A, A\?) with 0 < A < 1. The inequality

Ua*) = L(a") < f(2) = f(=°) & Ua?) < fah)

gives that for each A € (0, 1] at least one of the inequalities pavVA < —1, g2V A < —1
should be satisfied. Taking A — 07 we get the contradictory inequality 0 < —1. The case
2% = (0,29) with 23 # 0 is considered similarly. Let now 2° = (20, 29) with z; > 0, 71 > 0
(the existence or nonexistence of £J-subgradient at the points (+z9,£x9) is equivalent
to the same property for (z9,29)). Then a £3-subgradient ¢(z) exists with I; of the type

l; = (—,u’i (mg/x(l))l/z , — b (m?/mg)l/Q) with p¢ + pb = 1. We omit the rather calculative
proof. Any such £9-subgradient is a £3-subgradient also at 2° = (0, 0).

6) f is not Lo-subdifferentiable.

Every L£5-subgradient is also Lo-subgradient. Therefore f is Lo-subdifferentiable at
the points in dom f, which are not nonzero points on the coordinate axes. For the latter f
is not only non £9-subdifferentiable, but also it is not La-subdifferentiable. We will prove



this fact for the points 2° = (29,0) with 2 > 0. Assume on the contrary, that f is Lo-
subdifferentiable at such a point and let ¢(x) = min((l1, ), (2, x)) be a Lo-subgradient at
2. Taking in mind that for arbitrary direction f is linear on every sufficiently small seg-
ment containing the origin in its relative interior, we see that £ should be a £3-subgradient
at some point ! = (x%,:c%) Taking into account the symmetry of f, we may assume
without loss of generality that 1 > 0 and 23 > 0. Now one of the forms determining ¢(z),
say (I1,z) can be obtained considering the plane in R3 = R? x R, the latter being the graph
space of f, which passes through the origin and the points (29, 29,0) and (z1, 23, —/zix1).
We get from here (Iy,x) = —y/z1/z} 22, where x = (21, 22). Moreover, it is easy to show
that for = belonging to the half-plane determined by the line zo = (xi/x1)z; passing
through the origin and the point x!, which contains 2°, we have £(z) = (I1, x). Take now
the point #* = (A2, —\) with 0 < A < 1. Obviously z* € dom f and we should have
U(x) = (I, x) < f(2). This gives the inequality \/z1/z] < —+v/A. Taking A — 0T we get
the contradictory inequality \/z1/z} < 0.

7) f is H3-conver.

The function f is H5-convex at the points, where it is £3-subdifferentiable. According
to what was said in 5) it remains to prove that f is Hg—convex at the nonzero points of the
coordinate axes. This is true, since if z° = (27, 0) and ¢ < 0, then the function h : R? — R,
h(z) = ¢+ min((1/4c)z2, —(1/4c)z2) satisfies h(z) < f(z) for x € R? and h(z") = f(20).
The case 2° = (0, 23) is treated similarly .

5 L’-subdifferentiability of non PH functions

In this section we solve problems Pg for non PH functions, generalizing the results from
Section 3. As Example 2 has shown, such a generalization cannot be obtained only by
dropping the PH hypothesis from the results for PH functions. Some new hypotheses must
be added.

Given a function f : R® — R, a point 2° € R”, a vector « € R", and a number
¢ € R, we introduce the function

x f(@) +¢t, if x =2% + tu for some t € R,
f:r:o,u,C(x) = :
f(x), otherwise.

With the function f we relate the following condition:

C(f, 2% u,Q): 2an§ Calmfxouc(xo—i—tu) > —00.

e K b
or equivalently
0
- —(t
C(f, 2% u,Q): inf g I fgx )
teR atad+tu || — 20 — tul|

Condition C(f, 2% u, ), used in Theorem 7 below, means that the graph of f admits
a supporting line at (z°, f(xg)) in direction (u, () along which uniform global calmness
holds.

Next, as in Theorem 1, f/(2° u) stands for the directional derivative of f at z in
direction u. The following theorem is the analogue of Theorem 2 for non PH functions.

> —00.



Theorem 7 Let f: R" — R, be a CAL function and let 2° € dom f. Suppose that one
of the following two assumptions hold:

a) 20 # 0 and there exists ( € R with —f' (2%, —2%) < ¢ < f/(2°, 2°) for which condition
C(f,2° 2°,¢) is satisfied,

b) 2° = 0 and there exist u € R™ \ {0} and ¢ € R with —f'(0,—u) < ¢ < f/(0,u) for
which condition C(f,0,u,() is satisfied.

Then f is L2 -subdifferentiable at x°.

Proof a) Let 2° # 0. Due to condition C(f,2°, 2", ¢) there exists a constant C' > 0 such
that

%glg Calm ]”35073507C(3vO +t2%) > —C > —0. (4)
Consider the subspace M = {z € R" | (z°, ) = 0} of R" orthogonal to the vector 2°. Let
€ > 0. Since M is an (n—1) -dimensional space, we can find n vectors m!, ..., m" € M such

that their convex hull S, which is a simplex, contains the ball B, = {z € M | ||z|| < ¢}.
Let g(x) = maxj<;<n(m’, z) be the support function of S. Since S D B. and the support
function of B is equal to ¢||z| for z € M , it follows that

- ix) > M.
o) = o m ) 2 clel, v € (5)
0
Fix x € R" and let 7 = (|x O’|T2> 2% be the orthogonal projection of z on L := {\z° | A € R}.
T
0

(2”, z)
12012

Since 7 = 20 + < — 1) z°, we have

- 0
oo @) = 10+ ¢ (5t -1) ©)
Since = € L, from (4) ge have

fxo,xO,C(x) - fxo,xO,C(j) >-C ”IL' - i” .

Due to (5) we get

1 .
— < — ? —
|z — Z|| - 1r£1ia<}%<m , T — ),

so that o

Fa0,20,(@) = fa0,00,0(@) 2 =C |lo = 2] 2 — — max (m', 2 — 7).
Since m! € M, i =1,...,n, and Z belongs to the subspace L being orthogonal to M, it
follows that (m‘,z) =0 for i = 1,...,n. Using these equalities and (6) we obtain

F(@) > fao a0 ¢(@) = (fao20,¢(®) = a0 20 ¢(2)) + fao a0 (2)
) 0
¢ max (m’, z) + f(x°) + ¢ <<|T$S|T2> - 1> ,

g 1<i<n

Y




or equivalently

F(z) = f(«°) > min <— Comiy Hx%H? 20, x> _¢. (7)

T 1<i<n 9

Here we have used the inequality f(z) > fxo7xo7c (z) which needs to be explained only when
2 = 2% 4 t2¥. Then this inequality reduces to

f@® +ta") — f(a°) > ¢t,

which follows from the convexity of the function t + f(t2°). Indeed, for ¢ = 0 the
inequality turns into an obvious equality. For ¢t > 0 it follows from

fa® +t2”) — f(2)
t

> f'(a°,2%) > (.
For ¢t < 0 it follows from

D) I 5 a0, o) > .

Put now

¢ o

z, 1=1...,n,

. c .
P=— 2yt
Ak
and observe that these vectors do not depend on z (from here on x could be considered an
arbitrary vector). Define the functional £ : R® — R by ¢(z) = minj<;<,(l’, ). We have
obviously (I*,2%) = ¢ fori = 1,...,n, whence ¢ € L3 (2°) and £(2°) = (. Now inequality
(7) can be written as

f(@) = f(2°) > £(z) - €2"),

which shows that £ € o (,0), that is f is LY -subdifferentiable at x°.
b) Let 2° = 0. Define the function g : R” — R, by

g(x)—{ fO)+(t, z=tu,

f(z), otherwise .

Obviously ¢ is CAL, and affine along the line R* = {tu | t € R}. The latter shows
that —¢'(u, —u) = ¢ = ¢'(u,u). We will use the inequality f(z) > g(x) which should be
explained only for © = tu. Then it turns into f(tu) > f(0) + (t. For ¢t = 0 it is obviously
true. For t > 0 it follow from (f(tu) — f(0))/t > f'(0,u) > ¢. For t < 0 it follows from

(f(—t(—) = FO) /(=) = £(0, ~u) = —.

It is easy to verify that gy ¢ = fo,uc, whence conditions C(f,0,u,() and C(g,u,u, ()
are equivalent. Since C(f,0,u,() is true, also C(g,u,u,() holds. Since u # 0, on the
base of a) there exists £ € dp0g(u). Let £(z) = mini<i<, (I, 2) with (I*,u) = £(u) = ¢,
i=1,...,n. The equality ¢(u) = ¢ follows from the linearity of ¢ on the line R* and the

inequality

g(tu) — g(u) > L(tu) —l(u) < (E—1)C>(t—1)l(u), VteR.
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(this gives ¢ > #(u) for t > 1, and ¢ < #(u) for t < 1). Recalling that to £(0) = 0 = (I*,0),
i=1,...,n, we have

f(@) = g(x) = g(u) + £(z) = L(u) = f(0) + C + £(x) = ¢ = f(0) + £(z) = £(0),

which shows that f is £O-subdifferentiable at 2 = 0. m

Theorem 2 is a straightforward corollary of Theorem 7. Indeed, if the PH function f
satisfies the hypotheses of Theorem 2, then according to Proposition 4.5 in [1], it satisfies
also condition C(f, 2%, 2% ¢) with ¢ = f/(2°,2°) = f’(0,2°). Thus, the hypotheses of
Theorem 7 a) are satisfied, whence f is is £)-subdifferentiable at x°.

The following theorem gives a characterization of the £-subdifferentiability of a non
PH function and is an analogue of Theorem 4.

Theorem 8 Let the function f : R® — Ry be H2-convex at the points x ¢ dom f.
Then f is LO-subdifferentiable if and only if it is CAL, satisfies condition C(f,2°,2°,¢)
with some ¢ € [—f'(x%, —2°), f/(2°,2°)] at any 2° € dom f \ {0}, and when 0 € dom f it
satisfied condition C(f,0,u,() with some v € R™\ {0} and some ¢ € [—f'(0, —u), f'(0,u)].

Proof Necessity. Let f be L£O-subdifferentiable. Then f is CAL according to Theorem
5.6 in [1].

Let 2° € dom f \ {0} and ¢ € 6L9Lf($0). Suppose that £(x) = minj<;<,(l’, ) with
(18,29 = £(2°) for i = 1,...n. Put ¢ = £(2"). We have

f(z) — f(z°) > t(z) — £(z%), VzeR".
When z = 20 + t20 this gives
f(2® +t2%) — f(2°) > t(z®) =t¢, VteR,
which implies easily —f/ (2%, —2%) < ¢ < f/(2°,2°). Now

fxo,zO,C(x) - fzo,zo,((xo + tl‘o)

Calm fzo’zo74(x0 +ta) = inf

S0 o = 2% = ta?]
0 0 £ 0
_ — r)— f(z”) —t
i [ g S@ TG fromela) — F) — 1
T ERM Hx — .Z'O — tmOH z=20+520 Hﬂ:‘ - .iUO - t:[:OH
x;éx0+t:c0 s#t
Uz) —0(z%) — te(z° —t
> min | inf (z) — £(z”) — tl(z") inf (s—1t)¢
sER™ |z — 20 —t20| sek |5 — t| [|z0]]
z¢z0+tzo s#t
> min ( — min ||IY]|, — el .
1<i<n [kl

The right hand side of this inequality is finite and does not depend on ¢, whence condition
C(f,2° 20, ) is satisfied.

Let 0 € dom f and ¢ € £9(0). Suppose that £(z) = minj<;<,(I*,x). The system (of
n — 1) linear homogeneous equations (in n variables)



has rank at most n — 1. Therefore it possesses a solution u # 0. Put ¢ = ¢(u). We have
f(x) — f(0) > ¢(x), Vx € R™. When x = tu this gives f(tu) — f(0) > tl(u) = t(, Vt € R,
which implies easily —f/(0, —u) < ¢ < f'(0,u). Now

fO,u@(‘T) - fO,u,C(tu)

Calm f07u74(tu) = inf

il [l = tull
+ min [ T@ SO = tw) - Foc@) = F0) =8¢
TERM Hx_tuH z=su Hx_tuH
TH#tu sF#t

> min <zi£§t;1 la) =)y (5=8)C )

i e —tull Sk s — o] ul

> min ( — min ||IY]], — el .
1<i<n [
The right hand side of this inequality is finite and does not depend on ¢, whence condition
C(f,0,u,() is satisfied.
Sufficiency. The sufficiency is established by Theorem 7. m

Remark 1 In Theorem 8 the hypothesis that f is HO-convex at the points x ¢ dom f is
used only in the necessity to obtain that f is CAL.

Now we give an explanation for the lack £3-differentiability of the function in Example
2 in the framework of Theorems 7 and 8. Let 2° be a non-zero point on the coordinate
axes. We confine to the case 2° = (29, 0), ¥ > 0 (the other cases are similar). It is clear
that f/(2°,2%) = f/(2°, —2%) = 0. Therefore ¢ € [—f'(2°, —2°), f'(2°, 2°)] implies ¢ = 0.
Now it is clear that fmo’m070 = f. The points 2* = (X, 0) with 0 < A < 1 belong to the line
{2° 4+ t20 | t € R}. For any such point we have

Mo FON) = fE@) VW1
Calm f(z") < O =2~ 2 A

Though f is globally calm at each point in dom f, we have

inf f, 04 t2%) < inf — — = —00.
%nga:O,IO,O(x +ir ) = 0<H/{§1 \/X o0

Therefore condition C(f,z%, 2%, () is not satisfied and consequently from the Necessity of
Theorem 8 the function f is not £3-subdifferentiable at zV.

6 H’-convexity for non PH functions

Let f:R" - R, T € R", c € R, and v € R". We define the function fZ%? : R" — R,
by
FEO () = co (flz+tv, teRs Xoo0lzttv,ter +¢) (2), x=1tv, ,t ER,
f(z), otherwise.
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Here x,0 stands for the indicator function
(&) = 0, z=2a9,
XaP\T = 4o, we€ R™\ {2},

9|z+tv, ter denotes the restriction of a function g on the line {z+tv | t € R}, and co (g1, g2)
is the convex hull of the functions g1, go.

Obviously, when f is CAL, and Z = su for some s € R, then f%%% is CAL. Further, the
condition that f is H2-convex at 2 € R" is equivalent to the condition that the function

c, v=2a",

9“‘7):{ fz), weRM {20,

is £0-subdifferentiable for any ¢ < f(2°) (hence the same is to be said for f=°*"€) when
20 #£ 0, or for fO%¢ with suitable u # 0 when x° = 0. This observation and Theorems 7
and 8 give immediately the following results:

Theorem 9 Let f : R" — Ry be a CAL function and let z° € R™. Suppose that for
any ¢ < f(x°) one of the following two assumptions hold:
a) 2° # 0 and there exists ¢ € R with

_(fmo,c,mo)/(x()’ —:L'O) <(< (f:co,c,mo)/(xo’ xO)
for which condition C(fxo’c’”"o,xo, 20, ¢) is satisfied,
b) 2° = 0 and there exist u € R™\ {0} and ¢ € R with
=40, ~u) < ¢ < (S (0,w)
for which condition C(f%¢",0,u,() is satisfied.

Then f is HO-convex at x°.

Theorem 10 The function f : R™ — R, is HO-convez if and only if it is CAL, and for
any 2° € R™ and any ¢ < f(x0):
a) when 20 # 0 it holds C(f="*" 20,20, ¢) with some

Ce [=(7e) (@0, =), (1) (0,20,
b) when x° = 0 it holds C(f%%,0,u, () with some u € R™\ {0} and some
¢ € [=(F*)(0,~u), (f%) (0, w)].

Theorem 10 characterizes the H2-convexity and solves Problem PY. However, one can
expect a more simple and effective characterization. As in convex analysis, one expects a
characterization of (abstract) convexity (in sense of upper envelopes of elementary func-
tions) rather in terms of lower semicontinuity. Due to this remark, the following natural
question arises:

Is a Isc CAL function H3-convex?

At first glance Propositions 5.53 and Theorem 5.16 in [5] support a positive answer.
However, in spite of this, the answer of this question is negative, as seen from the following
example:

13



Example 3 The function f:R? = R defined by

f(fL' T ): Y/ ’.’1}1(172’7 X1 207
12 \/|:L'1l’2|, 1 <0,

is lsc (moreover, it is continuous), its restriction on any line R* = {tx | t € R} is linear
(hence f is PH CAL), but f is not H-convex at the points 20 belonging to the coordinate
azes.

We give an explanation of example 3 for the case 20 = (0, 29), 23 > 0. The case of any
other point on the coordinate axes is explained similarly. Let h = ¢ —c € 7-[(2) (2°), h < f,
when ¢ € £9(2°), c € R. Since f is PH, we have

h(tx) = L(tx) —c=tl(x) —c < f(tx) =tf(x).

Dividing by ¢ > 0 and letting t — +oo we get ¢(z) < f(x), Va € R™. Since / is linear on
R™ = {ta" | t € R}, we have

0= ¢(~a°) + £(2°) < f(=a) + f(a") =0,

whence £(z°) = f(2") = 0. This shows that f is ég—subdifferentiable at z°. According
to Theorem 2 (or Theorem 7 with account that fyo0 ;0 z0)/|z0) = f) we should have
calm f(2°) > —oo. At the same time

\/.1‘11‘8 _

r1—07T X1

calm f(2°) < lim inf d

@)= I e ad) — (0.9
Example 3 shows that the property of f being Isc CAL, without some additional

condition, is not enough to guarantee the HJ-convexity of f, even when f is PH.
Confining to PH functions, we have the following result:

Theorem 11 Let f : R® — R, be PH function. Then f is HO-convex (L2-convez) if
and only if f is Isc CAL, and is globally calm at any z° such that 2° € dom f \ {0} and

f(=a®) = —f(a).

Proof Necessity. If f is H2-convex, then f is Isc CAR according to Proposition 5.53 in
[5]. Since f is PH, it is H-convex if and only if it is £L)-convex. Now from Theorem 2 we
get that f is globally calm at z°.

Sufficiency. Let f be lsc CAL. From Proposition 4.4 in [1] we have Calm f(0) > —ooc.
Assume that f is calm at any 2° € dom f such that f(—z%) + f(2°) = 0. Then the
function f is globally calm at 2° and at —z (the global calmness at —zq follows from the
hypotheses observing that f(—(—2°)) + f(—2°) = 0). Now from Theorem 2 we have that
f is LY-subdifferentiable at 2° (and at 0), hence also £9-convex and H)-convex at z° (and
at 0).

14



Let now 2° € R™\ {0} and f(—2°) + f(z") > 0 (the CAL property of f excludes the
case f(—z%) + f(z%) < 0). Take ¢ € R such that ¢ < f(2°) and still f(—2°)+c¢ > 0. Define
the function g : R — R by

(z) = te, x=t20, t>0,
IEI =\ f(z), otherwise.

Obviously g is Isc PH and CAL. Since f is Isc, in particular it is globally calm at 0.
Therefore there exists C' > 0 such that Calm g(0) > —C. We show that g is globally calm
at 2. Since f is Isc at ¥, there exists § > 0 such that ¢ < f(z) for ||z — 2°|| < 6. Then
for ||z — 20| < § it is easy to derive

o(2) = 9(a) =~ l57 o

‘|

Let C; > C. Then there exists m > 0 such that g(x) — g(2°) > —Ci||lz — 29| for
|z — 2°|| > m. Otherwise we would have a sequence z* with ||| — oo such that
g(z¥) — g(2°) < =C ||2* — 2°|| which gives

o< 9@ g ) l=* — 2|
B (O g ]

with the contradictory inequality —C' < —C; when passing to the limit. Since g is lsc,
inf5<z—z0<m(9(x) —g(2°)) > —Cy > —oo for some Cy > 0. Therefore for such  we have

C:
g(@) = g(a%) 2 ~Cy = == |z ="

Unifying the three cases, we have for all z € R™\ {2} the inequality

=06 5 (0, %)

B
[l — 2] [E I

which shows that g is globally calm at 2°. Since g(—z) + g(2°) > 0, Theorem 2 shows
that there exists ¢ € 8529(350). From g < f we have £ < f. Further we have £(2°) = ¢
(and £(0) = 0) and since ¢ < f(2°) can be chosen arbitrary close to f(z°), we get that f is
L0-convex at 2°. We have actually shown that such an assertion takes place for arbitrary
2% € R™, which proves that f is £2-convex, whence also H2-convex. m

In the framework of Theorem 11 for Example 3 we can explain the lack of H9- convexity
at the (nonzero) points 2" of the coordinate axes. Since at such a point we have f(—z%)+
f(x%) = 0, at these points besides the lower semicontinuity, we must have the global
calmness property. The latter however does not hold.

Remark 2 Let us observe, that in Example 9 though at the points of the coordinate axes
the function f is not HY-convez, at these points it is still Ha-convex (and La-convez).
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Let us e.g. demonstrate the L£o-convexity (and hence the Ho-convexity) of f at the point
= (1,0). For s > 0 define the functionals ¢; € Lo by

1 3

%3«"27 D) Vsxy +

. 1
ls(x1, z2) = min <— 2—\/5 x2> ,

which can be written also as

——=x3, T2 > 8T7,
S
68(1171:2) —

3
AN

It holds ¢; < f, which follows from the cases:
19, 2y > 0,20 >0, zo0 > sx1:

ro, To < ST7.

1 1 1
ls(x1,20) = 7 Ty = 7 Vo xg < 7 Vst kg = —\/x1 2 = f(21,22) .

2. 1 < 0, 9 > 0, x5 > sx1:

ly(x,20) = —\1[ o < /=122 = f(21,22) .

30 1 < 0, z9 <0, x93 > sx1:

1 1 1
ls(w1, m2) = AT AV (—w2) (—22) < 7 (—sz1) (—x2) = Va1 @z = f(21,22).

40, x> 0, x9 > 0, x93 < sx1:

3 1
65(1'1,1'2):_5 51‘1'1'27\/5
3 1
—5 Vniz + NG V8T1 29 = — /1179 = f(21,72).

50 x> 0, x2 <0, 22 < s271:

3
To = —5 VI 8T1 + ——= \[ /T2 T

3 1
ls(z1,20) = ST+ —=

"2 \f

69 21 <0, 220 <0, 29 < s271:

(ml - <—x2>) < VTEE = flanw).

[\ \

3
VsT) + —— \/ —x1) (—sx1) —x9) (—x2)

Es(xlva) 2

v

16



< 5 VR () — 5oz Vi) (mm2) = Varms = (o).

Taking into account £5(z%) = £4(1,0) = =3 /s = 0 = f(2°) as s — 07, we get the
Lo-convexity (and the Ha-convexity) of f at V.

Though we arrive at the notion of HY-convexity wishing to study the H,-convexity,
the above example shows that the two notions are not equivalent even for lsc PH CAL
functions. Obviously, H9-convexity implies Ha-convexity, but the converse is not true.

Theorem 11 shows, that a lsc CAL function need not be H2-convex. In the case of a
PH function we have to add as a hypothesis the global calmness at some special points.
One can expect that for non PH functions a similar result holds. Actually, the following
theorem has place.

Theorem 12 Let the function f : R™ — R be HO-convex. Then f is lsc CAL, and for
any one-dimensional subspace L C R™ such that the restriction f|1, is an affine function
and any € > 0 it holds

fla) = flu)+e

inf  inf > —00,. (8)
u€L zeR"\{u} H.CC — UH

Proof Let f be H)-convex. Then f is Isc at any 2° € R™. Let L be one-dimensional
subspace of R™. Fix =, 7 € L. Let 2° = (1 — 7)2~ + 72" with 0 < 7 < 1. Consider the
cases:

a) ¥ £ 0. Let ¢ < f(«0). Since f is H2-convex at 20, for some £(z) = min;<;<,(I*, z)
satisfying (3) and some ¢ € R the function h(x) = ¢(z) — ¢ satisfies h(z) < f(x) for all
r € R" and ¢ < h(z"). With regard that the restriction f|;, is affine we get

1—=7)f(z)+7f(z") > 1 —=7)h(z") + th(z") = h(z") > c.
Since ¢ < f(2°) is arbitrary, we get
(1 =7)f(x7) +7f(xh) > f(2°). (9)

b) 2% = 0. Let 2F — 20 with zF € L\ {0}. Put 2* = (1 — 1)z~ + 7z T. Obviously
7, — 7. From the proved lower semicontinuity and the proved inequality (9) in a) we get

f(:no) < limkinff(xk) < limkinf ((1 — 1) f(x7) + ka(:c+)) =(1-7)f(xz")+71f(zT).

Thus, inequality (9) is true for all 7 € (0, 1) which shows that f is CAL.
Let f|z, be affine on the space L = {tz" | t € R} where 2" € R"\ {0}. Put ¢ = f(2°)—¢
where € > 0. The function fch’C’xo is given by

fmo,c,xo(x):{ f(.fC)—E, JIEL,

f(x), otherwise.

Put for brevity g = f*¢*°. Now ¢/ (2°,2°) = —¢/'(z°,—2°) = f(2°) — f(0) because
gl = f|r — € is an affine function. Therefore ¢ € [—g¢'(2?, —2), ¢/(2°,2°)] means ¢ =
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f(z") — f(0). With this choice of ¢ we have g0 40 () = g(x). It is clear now that (8) is
a reformulation of condition C(g,z°, 2%, (), true on the base of Theorem 10. m

The next Theorem is a reversal of Theorem 12 (an open question is whether the
condition 0 € dom f which lacks in Theorem 12 can be removed from the hypotheses of
Theorem 13).

Theorem 13 Let the function f : R" — Ry with 0 € dom f be Isc and CAL. Suppose
that for any 1-dimensional subspace L C R™ such that the restriction f|r is an affine
function and any € > 0 condition (8) holds. Then f is HY-conver.

Proof Initially our considerations will not use the assumption 0 € dom f.

Suppose that f|y, is affine for some 1-dimensional subspace L. Then f is HY-convex at
any point 2° € L, which follows from Theorem 9. Indeed, when z° # 0, as it was clarified
in the proof of Theorem 12 condition (8) coincides with condition C(f=*¢*", 20, 20, ¢) with
c = f(2°) —e and ¢ = f(2°) — f(0). When 2° = 0 we can choose @ € L\ {0}. Then
condition (8) is actually condition C(f%¢%,0,u,¢) with ¢ = f(0) — ¢ and ¢ = f(@) — £(0).

Let 2° € R™ and ¢ < f(2"). Suppose that L is a 1-dimensional subspace passing
through 2% and f|1, is not affine. Fix u € L\ {0}. We claim that

0 _ _ 0 _
nf f(2? = du) €\ inf fa® 4+ pu) —c

>0.
A>0 A (>0 i

Observe first, that when A, u > 0 it holds

f(2® — M) —c fa®+ pu) —c

: 1
3 L >0 (10)

Indeed, from the convexity of f|;, we have

ﬁf(xo —Au) + )\i,u f(@® + pu) > f(2°) > c.
Multiplying both sides by ’\/\% we obtain (10).
Now we prove that for any «, 5 > 0 it holds
0 _ _ 0 _
inf f(z? = Au) L ing fa” 4+ pu) —c

>0. 11
0<A<a A 0<u<pB " (11)

¢ > c. Since f is Isc, there exists § with 0 < & < min(c, ), such that
¢ when |t| < §. Now

nf f(a:o—)\u)—c+ nf f(x0+uu)—c_ c—c
0<A<6 A 0<p<d 7 1)

It remains to show that

0__ _ 0 —
f f(z? — Au) L inf [ 4 pu) —c

>0. 12
6<A<a A §<u<p I (12)
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The lower semicontinuity of f gives that the infima

0 _ o) — 0 _
inf —f(x u—c and  inf —f(m ) = ¢
§<i<a A s<p<o n

are attained respectively for some A = \ € [0, o] and u = ji € [§, B]. Hence (12) follows
straightforward from (10).

If f(2° + pu) = +oo for all 4 > B, then for A > 0 and p > 3 the left hand side of
(10) becomes +o0. The same is true for A > a and p > 0 provided f(z" — \u) = +o0 for
A > .

So, assuming, on the contrary, that (11) is not true, we should have sequences \;, —
400, g — +00, e — 0T, with 2° — Ayu € dom f and 2° 4 ppu € dom f, such that

f@ = Mu) —c | f(@° + ppu) —c

e > + > 0. 13
g Ak e (13)

Since f|r, is convex, we have

M
Ak + pg

Foo > F(2° = Mpu) + F(@® + ppu) > f(20),

Ak + g

which shows that 2° € dom f. Now (13) can be written in the form

f@® =) = £(2%) | @+ puew) — f(2°) 0 11
£ > " + i —i—(f(ac)—c)()\k—i-)\k)>0.

Passing to the limit with & — co we get

lim f(@ = Au) — f(a?) + lim f(@® 4+ pu) — f(20)
k Ak k HE

~0. (14)

The limits in (14) exist because of the monotonicity properties of the increments for convex
functions. On the other hand, since f|, is convex but not affine, we should have for some
ko

f(xo — )\kou) — f(xo) + f(mo + Mkou) — f(xo)

Ako Pk
Again from the monotonicity properties of the increments for convex functions, we get
that the left hand side in (14) is not less than v, a contradiction.
The proved result implies the existence of ¢ € R such that

L fE ) e e P ) e

A>0 A >0 1

> 0.

v i=

Now we verify that the hypotheses of Theorem 9 are satisfied. Actually, we prove that
condition C(g,z°%, u,¢) holds with g = foleu (when 2% # 0 we put u = 20).

Assume that condition C(g, 2", u, ¢) does not hold. This means that there is a sequence
¥ € R” and a sequence t;, € R, such that

gzo,u,C(xk) - gxo,u,C(xO + tku)

— —00. 15
P > 15)
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Without loss of generality we may assume x* ¢ L (if all 2% € L the above sequence of
fractions should have been bounded below). Therefore (15) can be written in the form

f(ah) —c—Cty

la% — 20 — tgul|

— —00. (16)

We may assume that the numerators are negative for all k. Possibly passing to a sub-
sequence, we may assume that either {z*} is a bounded sequence, or ||z*| — oco. We
consider the two possibilities.

19, Let {2*} be bounded and suppose that ||z¥ —2°|| < ry. Since f is Isc, f(z¥) > p =
inf{f(z) | ||x — 2% < r1} > —oo. The sequence {t;} in (16) must be bounded. Indeed, if
|tk| = oo we would have in (16)

[t —c— ¢t p—c—lctl | 1dl

2F — 20 —tpul] = ftpul =1 lul’

that is the limit in (16) could not be —oo.
So, let |tx| < ro. By the choice of ¢ and ¢ we have f(x° + tu) — ¢ — (t > 0 for [t]| < ro.

From the lower semicontinuity of f we get

inf (f(2° +tu) —c—(t) =e>0.

[t|<ra
Now we prove that there exists § > 0 such that ||z — 20 — tu|| < § and [¢t| < ro implies
f(x) —c—(t > 0 (the existence of 6 = §(¢) is implied by the lower semicontinuity, but
here we must show that § can be chosen independently on ¢). If this were not true, there
should exist sequences {f;} and {z*} with [£;] < 7o, [|2F — 20 — fxu| < 1, such that
f(@*) — ¢ — ¢t < 0. We may assume that , — t° with [{°] < ro. Now ¥ — 20 4 u.
From the lower semicontinuity of f we have

F(2° 4 %) — ¢ — ¢2° < liminf(f(Z*) — ¢ — ¢fy) <O,

which contradicts to f(z° + t°u) — ¢ — (tY > € > 0. The proved property shows that in
(16) we should have |z% — 2% — tju|| > 6 > 0, whence

F@H) — o=t f@) —e—Ch _ p—c—[dlrs
|ok — 20 — tpul] — 5 - ) '

Thus, the limit in (16) cannot be —oo, which shows that this case is impossible.

29, Let ||2*|| — +oo. Passing to a subsequence, we may suppose that x*/||z*|| — v.
We consider separately the cases v ¢ L and v € L.

a) The case v ¢ L. Now there exists 7 > 0 such that the set
Sy ={weR" |l =1, [w—v[| <~}

does not intersect L. Further, applying 0 € dom f (for the first time), the lower semi-
continuity, and the CAL property of f, we show that there exist constants a and b such
that

fah) = alla®)| +b (17)
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for all sufficiently large k. Observe first that v € dom f. This is true because f(v) <
liminfy f(2*/||2¥||) < +oo. The second inequality is a consequence of

ok
f(w) <(1- Ha:lkﬂ)f(o) + ‘xlk‘f(xk) <1£(0)] < 400

(observe that (16) implies f(x*) < 0 for all sufficiently large k). From the lower semicon-
tinuity o := inf{f(w) | w € Sy} > —oco. The CAL property implies

f(w) = Jwlf (a = f(0)) + f(0) for [w] >1.

If

= inf{f(w) — f(0) — |lw||(ac = f(0)) | w =0, or w # 0 and w/||w|| € S4},
then for a = a—f(0) and b = S+ f(0) and all w # 0, w/||w|| € S, it holds f(w) > aljwl||+?,
that is (17) is satisfied for all sufficiently large k. Changing eventually a with —|a| we may

assume that a < 0.
Since 2 € L, we have x

fa®) —c—Cty  fa®) —c+ (T =ty +7)

0 — 74 for some 7 € R. Now

|k — 20 — tpu| |2k — (tx + 7)ull
. ol L < S 4 (18)
Hl‘kH ||||ka Tp:lgﬁu” ”u_ tk+7— mkH

Due to a < 0 the numerator of the first fraction is negative for sufficiently large k. The
last fraction assumes t; + 7 # 0. It is easy to verify that the following estimations hold
also in the case tp, +7 = 0. Let

dy =dist (Sy,L) =inf{||lw —z|| | we S,, z € L},
dy = dist (u,cone S,) = inf{|lu —w|| | w=tw, w € S, t > 0}.
Obviously d; > 0 and da > 0. Now (18) gives

f(zk) —c— Cty, S al|z¥|| +b—c+ (T <l . a I
||a:k —z0 —tkuH - HIL’kHdl do dq do
Therefore the limit in (16) cannot be —oo, a contradiction showing that this case is im-
possible.
b) The case v € L. Suppose v = u/||u|| (the case v = —u/||u|| is investigated similarly).

Observe first that tu € dom f for all £ > 0. Indeed, we have t%mk — tu, and since f is
Isc and CAL, we have
F(tu) < timint (T 48) < £(0)] < o0

because

Eull _ Hlull tlull
bt < (1= 150 ) 10+ 5 e < 1r0)
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(we have used here f(2*) < 0, true for sufficiently large k due to (16)). Putting 2° = Tu,
we have

L L= £(0) mn(f@“+@—fm%ﬂﬁt—f+c—ﬂ®>

t—+00 t t—+o0 t t t
0 0
tu) — tu) —
_ g T e g fET AR e
t—+o0 t t—+o00 t

We can fix tg > 0 and € > 0 such that > ( 4+ ¢. Since f is Isc, there exists

a neighborhood W of tgu such that

f(w) = f(0)
to

f(tou) — £(0)
t

0

>(+¢e for weW.

Applying this inequality with w = t‘(‘)”: |||| " and the CAL property we get

[Ell

U :Ek k:
f(toH ||$) <|| I 1)f(0)>” II(C+€)+f(),

el tollull — wll

fzb) >

tol|ul|

whence

Flak) —e— ¢t _ (¢ +€) + £(0) — e — Gty

|2k — 20 — tpul|| — |2k — 20 — tgul|
fFO) —ct+¢r 1 ¢ (I = (7 + te)llull) + el|l="]
o lak = a0 =t [l |2k — (7 + tg)ul
1 Gl = (7 + ) lll) + el
= ] |2k — (1 + tp.)ul|
1 ¢ (1 — (7' + tr) ””;Lk”H) +e
[l I — Tl

k
We have used f(0) — ¢+ (7 > 0, a consequence of the CAL property of f. Since kaH

” H—i—w where w* — 0, we get
u

Fay —e—cte . 1 — T8 lull +=

x
k_ .0 _ = ’
o —a® —tiall = Tl (k= 22t8) s b

(19)

The following cases may occur:
1 THh
[ e
for all sufficiently large k, a contradiction to (16).

i) The case — 0. Then (19) gives that the left hand side is nonnegative
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Rl
[l
s does not change the sign, and |sg| > 0 for some § > 0. Now (19) gives

f@t) —e—¢t o Co o

% = 20 = trull = Jlull - [lu+ 5wkl [lull

ii) The case sj := +# 0. Passing to a subsequence we may assume that

where o = sign s;. We get again contradiction with (16).

Thus, any case leads to a contradiction, which shows that condition C(g,z", u,() has
place. Therefore from Theorem 9 we get that f is H)-convex. m
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